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1 Introduction 



Many papers have been written on the extension of the formalism of quantum 
mechanics. These generalizations have been done mainly over quaternions or 
over the Cayley algebra (octonions), see for instance [JJ [21 [31 Q] • The reason why 
people have worked mainly on this algebraic structures to generalize quantum 
mechanics comes from the fact that there exist only four normed division alge- 
bra [JjJ: real (R), complex (C), quaternions (H) and Cayley algebra (O). Cayley 
algebra has an important blank since associativity is crucial. Indeed, in it is 
shown that quantum mechanics cannot be formulated over the Cayley algebra 
since, in a last two instances, associativity is needed for the existence of Hilbert 
space. Quantum mechanics over quaternions seems to work better ^[21 El EH ■ 
However, recently some interest have been deployed to study quantum mechan- 
ics for associative and commutative algebras beyond the paradigm of algebras 
without zero divisors [71 [HI EH- This leads to a wide spectrum of possibilities, 
among which we have the hyperbolic numbers D = C1r(0, 1) (also called duplex 
numbers) ^U], the bicomplex numbers T = Clc(l, 0) = Clc(0, 1) JJJ and, more 
generally, the multicomplex numbers ^1 El • 

In recent years, theory of bicomplex numbers and bicomplex functions has 
found many applications, see for instance |14l 1151 [TBI 1171 118) . Bicomplex num- 
bers is a commutative ring with unity which contains the field of complex num- 
bers and the commutative ring of hyperbolic numbers. Bicomplex (hyperbolic) 
numbers are unique among the complex (real) Clifford algebras in that they are 
commutative but not division algebras. In fact, bicomplex numbers general- 
ize (complexify) hyperbolic numbers. Note that Hilbert spaces over hyperbolic 
numbers that have been studied in [HI El an d El are different from the hyper- 
bolic Hilbert space that we consider in this paper. 

In Section 2 we give an overview of the fundamental theory of bicomplex 
analysis necessary for this article. Section 3 is devoted to free modules over the 
ring of bicomplex numbers (which is not a C*-algebra). A fundamental result 
useful for the rest of the paper is presented: the unique decomposition of any 
elements of our free module M into two elements of a standard (complex) vector 
space in terms of the idempotent basis. The Section 4 (and 5) introduces the 
bicomplex scalar product (the hyperbolic scalar product). In particular, it is 
shown that one can constructs a metric space from M and our bicomplex scalar 
product. In Section 6, we define the bicomplex Hilbert space; two examples 
are given. Section 7 introduces the dual space M* and re-examines the previ- 
ous Sections in terms of the Dirac notation. Finally, Section 8 concerns linear 
operators or more specifically adjoint and self-adjoint operators as well as the 
bicomplex eigenvectors equation. 
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2 Preliminaries 



Bicomplex numbers are denned as ^2 113 EH 

T := {zi + z 2 i 2 | zi, z 2 e C(ii)}, (2.1) 

where the imaginary units ii, i 2 and j are governed by the rules: \\ — i 2 = — 1, 
j 2 = 1 and 

iii 2 = i 2 ii = j, 

iij = jii = -ia, (2-2) 
iaj = ji2 = ii- 

Where we define C(ifc) := {x + yik | i 2 , = — 1 and x,y E M.} for fc = 1, 2. Hence it 
is easy to see that the multiplication of two bicomplex numbers is commutative. 
It is also convenient to write the set of bicomplex numbers as 

T := {w +u>iii + w 2 i 2 +w 3 j I Wo,Wi,w 2 ,w 3 € R}. (2.3) 

In particular, in equation (|2.1() . if we put Z\ = x and z 2 — yi\ with x, y G R, then 
we obtain the subalgebra of hyperbolic numbers: D = {x+yj \ j 2 = 1, x, y e R}. 

Complex conjugation plays an important role both for algebraic and geomet- 
ric properties of C, as well as in the standard quantum mechanics. For bicomplex 
numbers, there are three possible conjugations. Let w £ T and z\,z 2 S C(ii) 
such that w — z\ + z 2 \ 2 . Then we define the three conjugations as: 



w tx = (21 + z 2 i 2 ) tl := zi + z 2 i 2 , (2.4a) 
w t2 = {zi + z 2 i 2 ) u := zi - z 2 i2, (2.4b) 
w ta = (zi + z 2 i 2 ) t3 := z\ - z 2 h, ( 2 -4c) 

where Zk is the standard complex conjugate of complex numbers Zk € C(ii). If 
we say that the bicomplex number w = z\ + z 2 i 2 = wq + w^ix + w 2 \ 2 + w^j has 
the "signature" (+ + ++), then the conjugations of type 1,2 or 3 of uu have, 

respectively, the signatures (H 1 — ), (+ H ) and (H h). We can verify 

easily that the composition of the conjugates gives the four-dimensional abelian 
Klein group: 






to 


ti 


ta 


ta 


to 


to 


ti 


ta 


ta 


tl 


ti 


to 


ta 


ta 


ta 


t 2 


ta 


to 


ti 


ta 


ta 


ta 


ti 


to 



where w^ := w Viz; S T. 
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The three kinds of conjugation all have some of the standard properties of 
conjugations, such as: 

(s + tfx = s tfc +t tfc , (2.6) 
(* tfc ) tfc = s, (2.7) 
(s-t) U = s^-tfk, (2.8) 

for s,t £ T and k = 0, 1,2,3. 

We know that the product of a standard complex number with its conjugate 
gives the square of the Euclidean metric in R 2 . The analogs of this, for bicomplcx 
numbers, are the following. Let z±, z 2 G C(ia) and w — z± + z 2 i 2 G T, then we 
have that [TT]: 

Iwl^ := w ■ to ta = z? + *| G C(ii), (2.9a) 
M? 2 := w • ^ = (|z!| 2 - |z 2 | 2 ) + 2Re(z 1 z 2 )i 2 e C(i 2 ), (2.9b) 

\w\? := w • w t3 = (\zi\ 2 + \z 2 \ 2 ) - 2Im(ziz 2 )j G B, (2.9c) 

where the subscript of the square modulus refers to the subalgebra C(ii), C(i 2 ) 
or D of T in which w is projected. 

Note that for z%, z 2 G C(ii) and w = Z\ + z 2 i 2 G T, we can define the usual 

(Euclidean in R 4 ) norm of w as \w\ — \/\zi\ 2 + \z 2 \ 2 — ^/Re(|to||). 

It is easy to verify that w ■ -. — pj- = 1. Hence, the inverse of w is given by 

Hi 

1 w^ 2 

w^nr- ( 2 - 10 ) 
Hi 

From this, we find that the set AfC of zero divisors of T, called the null-cone, is 
given by {z\ + z 2 i 2 | zf + z 2 = 0}, which can be rewritten as 

NC = {z(ii±i 2 )| z G C(ii)}. (2.11) 



Let us now recall the following three real moduli (see and |2U)'): 

1) For s, t G T, we define the first modulus as | - |x -= | * Ui - This modulus 
has the following properties: 

a) I • |j : T — ► R; 

b) |s|x > with |s| x = iff s G JVC; 

c) |s - *K = i^u - l*U- 
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From this definition, wc can rewrite this real pseudo-modulus in a much 
practical way as 



|w|i = \z? + zl\ 1/2 



or 



\wU = \/ wvM u/fnotT. 



2) For s,t G T, we can define formally the second real modulus as | • | 2 := 
1 1 • |i 2 |. But an easy computation leads to 

Ma = Hi = \ z l + 4\ 1/2 , (2-12) 
meaning that there are no reasons to introduce | - 1 2 - 

3) One more option is to define the third modulus as | ■ |s := || ■ |j|. It has 
the following properties: 

a) I ■ j 3 : T — »■ R; 

b) \s\ s > with \s\ 3 = iff s = 0; 

c) \s + t\ 3 < \s\ 3 + \t\ 3 ; 

d) |»- t| s < V2\s\ 3 ■ \t\ 3 ; 

e) |A • t| s = |A| • |t| 3) for A e C(ii) or C(i 2 ). 

Hence | • \ 3 determines a structure of a real normed algebra on T. What 
is more, one gets directly that 



II! 



3 = v/M' + N 2 , (2.13) 

for w = z\ + Z2\2 with zi, Z2 € C(ii), i.e., in fact this is just the Euclidean 
metric in R 4 written in a form compatible with the multiplicative structure 
of bicomplex numbers. 

Note also that 

(i) Hj = \ z i - z 2h\ei + \zi + z 2 ii|e 2 6D, Vw = z\ + z 2 i 2 € T, 

(ii) k-i|j = |s|j|i|j Vs,teT. 

Finally, let us mention that any bicomplex numbers can be written using an 
orthogonal idempotent basis defined by 

1+j , 1-j 

ei = — — and e 2 = — — , 

where = ei, e| = e 2 , ei + e 2 = 1 and eie 2 = = e 2 ei. Indeed, it is easy 
to show that for any z\ + z 2 i 2 G T, z\, z<i G C(ii), we have 

z \ + ^212 = {z\ - Z2ii)ei + {z\ + z 2 ii)e 2 . (2-14) 
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3 T-Module 



The set of bicomplex number is a commutative ring. So, to define a kind of 
vector space over T, we have to deal with the algebraic concept of module. 
We denote M as a free T- module with the following finit T-basis |m; | I G 

{1, . . . , n}|. Hence, 

m = j^xia, | xi gt|. 

Let us now define 

V := ^^xifhi | xi G C(ii)| C M. (3.1) 

The set V is a free C(ii)-module which depends on a given T-basis of M. In fact, 
V is a complex vector space of dimension n with the basis |m/ | I G {1, . . . , n}\. 
For a complete traitement of the Module Theory, see |21| . 

n 

Theorem 1 Let X = ^""^ xifhi, xi E T, VZ G {1, ...,n}. Then, there exist 
i=i 

X ei , Xe 2 G smc/i i/ia£ 

X = eiX ei + e 2 Xe 2 . 



Proof. From equation l|2.14|l . it is always possible to decompose a bicomplex 
number in term of the idempotent basis. So let us write xi = xuei + X2ie 2 
where Xu,x 2 i G C(ii), for all I G {1, . . . , n}. Hence, 

n n n n 

X = ^ xifhi = ^2 ( x u e i + X2ie 2 )fhi = ex ^ (xufhi) + e 2 ^ (x 2 ifhi) 
i=i i=i i=i i=i 

= eiX ei + e 2 X e2 

n 

where X Bk := ^ (xkifhi) for fc = 1, 2. □ 
i=i 

Corollary 1 TTie elements X ei and X e2 are uniquely determined. In other 
words, eiX ei +e 2 X e2 = e±Y ei + e2^e 2 if and only if X ei = Y ei and X e2 = Y e2 . 

Proof. If eiX ei + e 2 X e2 = exY ei + e 2 Y e2 , then we have ei(X e i — ^ei) + 
e 2 (X e2 — Y e2 ) = 0. Suppose now that < fhi | I G {1, . . . , n} > is a free basis of M, 
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then we have X Bk = ^ Xufhi and Y Gk = ^ y k mi (k = 1, 2), xh,Vm € C(ii). 



i=i (=1 

Therefore, we find 



= ei(Jf ei -Y ei 



ei I y^xurhi 




= ^{xi-Di)fh h 
i=i 

where xi := e^xu + e?X2i € T and yi := e±yn + e^y2i G T. This implies 
that Xi = yi for all / G {1, ... , n}; in other words x\i = y% and X21 = y2i, i.e. 
X ek = Y ek for fc = l,2. ^ 

Conversely, if X ei = Y ei and X e2 = Y e2 we find trivially the desired result. □ 
Whenever X e M, wc define the projection P k : M — ► V as 

P k (X):=X ek (3.2) 

for fc = 1,2. This definition is a generalization of the mutually complementary 
projections {Pi, P2] defined in on T, where T is considered as the canonical 
T-module over the ring of bicomplex numbers. Moreover, from the Corollary^ 
X ei and X e2 are uniquely determined from a given T-basis and the projections 
Pi and P 2 satisfies the following property: 

P k ( Wl X + w 2 Y) = P k ( Wl )P k (X) + P k (w 2 )P k (Y) (3.3) 

Vwi,w 2 e T, VX, Y e M and k = 1, 2. 

The vector space is defined from the free T-module M with a given T-basis. 
The next theorem tell us that M is isomorphic to V 2 = {(X;Y) \ X,Y e V}, 
where the addition + V 2 and the multiplication - v i by a scalar are defined by 

+ V 2 : V 2 x V 2 -> V 2 

((x i; yi),(x 2; r 2 )) » (Xi;y!)+ V2 (l 2; r 2 ) 

:= (Xi + X^Fi+Fa), 

■ V 2 : T x V 2 — > 

(A,(X;?)) h- A- y2 (X ; y) 

:= (AiX;A 2 Y), 

where A = Aiei + A 2 e 2 . Here the symbol + denotes the addition on V and 
XiX or A 2 F denotes the multiplication by a scalar on V (which are also the 
addition and the multiplication defined on M). Note that we use the notation 
(X;Y) to denote an element of V 2 , instead of the usual notation (X,Y), to 
avoid confusion with the bicomplex scalar product defined below. 
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Theorem 2 The set V 2 defined with the addition +y 2 and the multiplication 
by a scalar -yi over the bicomplex numbers T is isomorphic to M, i.e. 

(V 2 ,+ y2 ,.^)~(Af,+,.). 

Proof. It is first easy to show that V 2 is a T-module with +y2 and -y2 
defined above. Now let us consider the function <I> : V 2 — > M defined by 
$((X;Y)) = e x X + e 2 Y. It is not difficult to show that + V 2 
{X 2 ;Y 2 )) = + $((X 2 ;Y 2 )) and that $(A -ya X) = A$(X), i.e. 

that $ is an homomorphism. The function $ is a one-to-one function. Indeed 
if ®((Xi;Yi)) = $([X~2; %)), then ei^i + e 2 ?i = eiX 2 + e 2 Y 2 which implies 
that X\ — X 2 and Y\ = Y 2 from Corollary ^ Finally, $ is an onto function 
since for all X = eiX ei + e 2 X e2 S M, we have $((X ei ; X e2 )) = X. □ 

Theorem 3 Let |tv | ^ G {1, . . . ,n}| a &asis o/ i/ie vector space V over C(ii). 
Then ((vi;vi) \ I S {1, ...,n}| is a basis of the free T-module (V 2 ,+v 2 t'V 2 ) 
and |w/ | I G {1, . . . is a T-basis of M. 

Proof. Let us consider an arbitrary (X;Y) G V 2 , then 

(n n \ n 

z=i ;=i / i=i 

with cm G C(ii) (k = 1,2). Here the summations in the second expression is 
the addition on V and the summation in the third expression is the addition 
over V 2 , i.e. the addition +v 2 - Therefore, we have 

n 

(X;Y) = ^2q - V 2 {vi;vi), 
i=i 

where cj = eici; + e 2 c 2 ; G T. Moreover, if (X;Y) = (0;0), then c\i — c 2 i = 
for all / G {1, . . . , n} since | I G {1, . . . ,n}\ is a basis of V and cj = for all 

/ G {1,. ..,n}. Therefore | | I G {1, . . .,n}| is a T-basis of V^ 2 and the 

T-module (V 2 , +v 2 ,-v 2 ) is f ree - It is now easy to see that jv; | I G {1, . . . , n}| 
is a T-basis of M since the isomorphism $ given in the proof of Theorem [21 gives 
$((vi;vi)) = e^i + e 2 vi = v t for all I G {1, . . . , n}. □ 

Remark. For (X;Y) G V 2 , we have 

(X;Y) = (X;6)+y 2 (0;F) 

= (lei + 0e 2 ) - V 2 (X; X) + V 2 (Oei + le 2 ) -y 2 (Y; f) 
= e 1 - V 2(X;X)+ v2 e 2 - V 2 (?;?), 
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where (X; X) and (Y: Y) arc in the vector space V := j Cl 'v 2 (^i>^i) I °i ^ 
C(ii)| associated with the free T- module V 2 using the following T-basis |(uz; w;) | 
l€{l,...,n}}. 

Now, from Theorem |3 we obtain the following corollary. 

Corollary 2 Let M be a free T '-module with a finit T-basis. The submodule vec- 
tor space V associated with M is invariant under a new T-basis of M generated 
by another basis ofV. 

4 Bicomplex scalar product 

Let us begin with a preliminary definition. 

Definition 1 A hyperbolic number w = aei + be2 is define to be positive if 
a, b G M + . We denote the set of all positive hyperbolic numbers by 

D+ := {ae! +be 2 \a,b> 0}. 

We are now able to give a definition of a bicomplex scalar product. (In this 
article, the physicist convention will be used for the order of the elements in the 
bicomplex scalar product.) 

Definition 2 Let M be a free T -module of finit dimension. With each pair X 
and Y in M , taken in this order, we associate a bicomplex number, which is 
their bicomplex scalar product (X, Y), and which satisfies the following proper- 
ties: 



1. {X, Y l + Y 2 ) = (X, Yi) + (X, Y 2 ), VX, Y u Y 2 e M; 

2. (X, a?) = a(X, Y), Va G T, VX, Y G M; 

3. (X, Y) = {?, X)t3 ,vi,7e M; 

4. (x, x) = o ^ x = o, yx G M. 

As a consequence of property 3, we have that (X, X) G D. Note that definition 
[21 is a general definition of a bicomplex scalar product. However, in this article 
we will also require the bicomplex scalar product (•, •) to be hyperbolic positive, 
i.e. 

(X,X) G D+, yX G M (4.1) 
and closed under the vector space V , i.e. 

(X , Y) G C(ii), yX, Y E V. (4.2) 

For the rest of this paper, we will assume a given T-basis for M , which 
implies a given vector space V . 
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Theorem 4 Let X, Y G M, then 

(X,Y) = ei (X ei , Y ei ) + e 2 (X e2 , Y ea ) (4.3) 

and 

P k ((X,Y)) = (X,Y) ek = (X ek) Y ek ) e C(ix) (4.4) 

/or fc = 1,2. 

Proof. From equation (|3.2|) . it comes automatically that Pi.((X. Y)) = (X,Y) ek G 
C(ii) for fc = 1, 2. Let X = eiX ei + e 2 X e2 and Y = ei Y ei + e 2 Y e2 , then using 
the properties of the bicomplex scalar product, we also have 

(X,Y) = (e 1 X ei +e 2 X e2 ,e 1 Y ei +e 2 Y e2 ) 

= (eiX ei + e 2 X e2 , eiF ei ) + (e x X ei + e 2 X e2 , e 2 Y e2 ) 
= (e 1 F ei ,e 1 l ei +e 2 i e2 ) t3 + (e 2 Y e2 , ei X ei + e 2 X e2 ) t3 
= ( ei Y ei , ei X ei )^ + (eiY eiI e 2 X e2 )t3 

+ {e 2 Y e2 , ei X ei )^ + (e 2 ?e 2 ,e 2 X e2 ) t3 
= ext^eiFe^Xejta +e2 t3( ei y ei ,X e2 )t3 

+ei t3 (e 2 Y e2 , Xejta + e 2 t3 (e 2 y e2 , X e2 )^ 
= ei t» ei (X ei , Y ei ) + e 2 1 3 ei (X e2 , Y ei ) 

+ei^ 3 e 2 (X ei , F e2 )+e 2 t3e 2 (X e2 ,r e2 ) 
= ei(X ei ,y ei )+e 2 (le 2 ,Fe 2 ). 

Hence, 

(x,y) = e 1 (x ei ,y ei ) + e 2 (x e2 ,y e2 ) 

and, from property 14. 2f) . we obtain 

P fe ((x,Y)) = (x,y) ek = (x ek ,Y e j g c(i x ) 

for fe = 1,2. □ 

Theorem 5 {Y; (•, •)} is a complex (in C(ii)) pre-Hilbert space. 
Proof. By definition, V C M. Hence, we obtain automatically that: 

1. (x, y + y 2 ) - (x, y) + (x, y), vx, y, y 2 g y ; 

2. (X, a?) = a(X, Y), Va G C(ii) and VX, FeF; 

3. (X, X) = O X = 0, VX G V. 

Moreover, the fact that (X, Y) G C(ii) implies that (X, Y) = (Y, X) ta = (Y, X) 
and (X,X) eB+n C(ii) = M+. Hence, {Y; (•, •)} is a complex (in C(ii)) pre- 
Hilbert space. □ 

Remark. We note that the results obtained in this theorem are still valid by 
using f i instead of +3 in the definition of the bicomplex scalar product. 

Let us denote || X ||:= (X,X)i, VX G V. 
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Corollary 3 Let X G V. The function X i — >|| X ||> is a norm on V. 
Corollary 4 Let X G M, then 

P k ((X,X)) = (X,X) ek = (X ek ,X ek ) -ii X ek || 2 

/or k = 1,2. 

Now, let us extend this norm on M with the following function: 



X\\:= 



(x,xy. 



ei || X e 



This norm has the following properties. 
Theorem 6 Let and d(X, Y) 



1. 


II -X" II > 0; 






2. 


1 ^ 11= o ^ 


X = 


= 0; 


3. 


II aX 11= |a| 


z 


|, VaG C(ii) orC(i 2 ); 


4. 


|| aX ||< \/2 


Ha 


|| X ||, VaG T; 


5. 


II * + ? Il<ll 


*ll 


+ 11? II; 



6. {M, d} is a metric space. 



-e 2 || X e 



VX G M. 



X - y ||. t/ien 



Proof. The proof of 1 and 2 come directly from equation 14. 5|) . Let 
eiX ei + e 2 X e2 G M and a € C(ii) or C(i 2 ), then 



aX 



(aX,aX) 
(aa(X, X)) 

ei \a\ 2 (X,X) ei +e 2 \a\ 2 (X,X% 

e 1 \a\(X,X)l+e 2 \a\(X,X)i 
ei || X ei || +e 2 || X e2 

HI II x||. 



li 



More generally, if a. € T, we obtain 

II aX || = 



(aX,aX)i 
(aa^(X,X)) 
(\a\?(X,X)Y 
\a\i(X,X)i 

n ii x 

< y/2\\a\i\ \\X\\ 
= V2\a\ 3 || X || . 

To complete the proof, we need to establish a triangular inequality over the 
T-module M. Let X, Y e M, then 

\\x + ?\\ = \(x + ?,x + y)j| 

= | ei || (X + f) ei ||+e 2 || (X + Y) e2 || I 
= lei || X ei + Y ei || +e 2 || X e2 + F e2 || I 



X ei +Y ei || 2 



^e 2 +y e2 || 2 



< 



< 



(ll*e 



Y e . 



X e 



ei(||X ei || 
(ei II X ei || 
1*11 + 11? 



e 2 ( || X e 



e 2 || l e2 || ) + ( ei || % 



,2\ 2 



II 4 II 

+e 2 || ?e 2 II ) 



Now, using properties 1, 2, 3 and 5, it is easy to obtain that {M, d} is a metric 
space. □ 

With the bicomplex scalar product, it is possible to obtain a bicomplex 
version of the well known Schwarz inequality. 

Theorem 7 (Bicomplex Schwarz inequality) Let X,Y € M then 

\(X,Y)\ < \(X,X)i(Y,Y)i\ < V2 \\ X \\ \\ Y \\ . 
Proof. From the complex (in C(ii)) Schwarz inequality we have that 

|(X,F)|<||X|| ||? || VX,Y£V. (4.6) 
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Therefore, if X, Y £ M, we obtain 

\(X,Y)\ = \e 1 (X,Y) ei +e 2 (X,Y) e2 \ 

= |e 1 (x ei ,y ei ) + e 2 (x e2 ,ye 2 ; 
f\(x ei ,Y ei )\ 2 + \(x e2 ,Y e2 ) 



< 



X ei \\ 2 \\Y ei || 2 + ||X e2 fHYe, || 2 



2 

= |e x || X ei || || Y ei || +e 2 || X e2 \\ \\ Y e2 
= \{X,X)i(Y,Y)l\. 

Hence, \(X,Y)\ < \(X,X)i(Y,Y)h\ <y/2\\X\\ \\ Y ||. □ 



5 Hyperbolic scalar product 

From the preceding section, it is now easy to define the hyperbolic version of 
the bicomplex scalar product. 

Definition 3 Let M be a free Hi-module of finit dimension. With each pair X 
and Y in M , taken in this order, we associate a hyperbolic number, which is 
their hyperbolic scalar product (X , Y), and which satisfies the following proper- 
ties: 



1. (X,Y 1 +Y 2 ) = (X,Y 1 ) + (X,Y 2 ); 

2. (X,aY) = a(X,Y), Va e D; 

3. (X,Y) = (Y,X); 

4. (X,X) = <S> X = 0. 



All definitions and results of Section 0] can be applied directly in the hyper- 
bolic case if the hyperbolic scalar product (•, •) is hyperbolic positive i.e. 

(x,x) e D+ vie M (5.1) 

and closed under the real vector space V := < xifhi \ xi € K > i.e. 

(x, F) e c(ii) nD = i yx,Y ev (5.2) 

for a specific D-basis |m; | ^ 6 {1, . . . , n}| of M. In particular, we obtain an 
hyperbolic Schwarz inequality. Moreover, it is always possible to obtain the 
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angle 8, between X and Y in V, with the following well known formula: 

cos = [ X ' Y l . (5.3) 
11^1111^11 

From this result, we can derive the following analogue result for the D- module 
M. 

Theorem 8 Let X,Y € M and 8k the angle between X e ^ and F ek for k = 1,2. 
Then, 

h+ 02 01 - 02 \ = (X } Y) 

2 2 3 J (X,X)h(Y,Y)h- 

Proof. From the identity (|5.3() . we have 

(cos0i)ei + (cos0a)e a = i^'V ei + l^'^V e 2 

II X ei || || Y ei || || X e2 || || F e2 || 

(X,Y) 



(x,x)t(y,Y)5 

Moreover, it is easy to show that cos(6>iei + 6*262) = (cos$i)ei + (0086*2)62 
and 0iei + 6*263 = + ^p^j (see HH). Hence, cos (^±^ + ^^j) = 

(x,x)5(y,r)3 ' 

From this result, it is now possible to define the "hyperbolic angle" between 
two elements of a B-module M. 

Definition 4 Let X, Y € M and 8k the angle between X ek and Y ek for k = 1,2. 

We define the hyperbolic angle between X and Y as 

8\ +82 81 — 8 2 . 

^ + o J' 



We note that our definition of the hyperbolic scalar product is different from 
the definitions given in [HI IH) and JSj ■ 



6 Bicomplex Hilbert space 

Definition 5 Let M be a free T-module with a finit T-basis. Let also (•, •) be a 
bicomplex scalar product defined on M. The space {M, (•, •)} is called a T '-inner 
product space. 

Definition 6 A complete T-inner product space is called a T-Hilbert space. 



14 



Lemma 1 Let X £ M then 

||X ek ||<V2||X||, fork = 1,2. 



Proof. For fc = 1, 2, we have 

II X ew || < V2 



* ei f + || X C2 || 2 



2 / 

= V2|e x || X ei || +e 2 || X e2 || | 
= V2 || X || . □ 

Lemma 2 77ie pre-Hilbert space {V, (•, •)} is closed in the metric space {M, (•, •)}. 

Proof. Let X„ = e x X n + e 2 X n £ V Vn £ N and X = e x X ei + e 2 X e2 £ M. 
Supposed that X n — > X whenever n — * oo then || X n — X ||— > as rn oo 
i.e. J X n - (ei.Xei + e 2 Xe 2 ) ||= || (eiX„ + e 2 X„) - (eiX ei + e 2 X e2 ) || =|| 
Gi(X n — X ei ) + e 2 (X n — X e2 ) | J — *- as n — + oo. Therefore, from the LemmaQ] 
we have that 

||X n -X ek || < V2 || ei(X„ -X ei ) + e 2 (X n - X e2 ) ||-> 

as n — > oo for fc = 1, 2. Hence, X ei = X e2 = X and X = + e 2 X £ V. □ 

Theorem 9 j4 T-mner product space {M, (•, •)} is a T-Hilbert space if and only 
if {V, (•, ■)} is an Hilbert space. 

Proof. From the Theorem [S] {V, (•,•)} * s a pre-Hilbert space. So, we have 
to prove that {M, (•,•)} is complete if and only if {V, (•,•)} is complete. By 
definition V C M, therefore if M is complete then V is also complete since V 
is closed in M. Conversely, let X n = ei(X n ) ei + e 2 (l„) e2 £ M Vn £ N, be a 
Cauchy sequence in M. Then, from the Lemma ^ we have 

|| (X m ) ek - (X n ) ek || = || (X m - X„) ek || < V2 || X m - X n \\ 

for fc = 1, 2. So, (I„) ek is also a Cauchy sequence in V for fc = 1, 2. Therefore, 
there exist X ei , X e2 £ V such that (X n ) ek — * X Sk as n — » oo for fc = 1,2. 

Now, from the triangular inequality if we let X := eiX ei + e 2 X e2 , then we 
obtain 



e 2 y 



II II = ||e 1 ((X„) ei -X ei )+e 2 ((X n ) e2 -X, 

< || ei((X n ) ei - X ei ) || + || e 2 ((X„) e2 - X 

< V2\ ei \ 3 || (X„) ei -X ei || 
+V2|e 2 | 3 || (X n ) e2 — A e2 || 

- || (X n ) ei - X ei || + || (I„) e2 - X e2 ||-> 

as n — ► oo. Hence, X n — ► X € M as n — > oo. □ 
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Examples of bicomplex Hilbert spaces 



1. Let us first consider M = T, the canonical T- module over the ring of 
bicomplex numbers. We consider now the trivial T-basis {1}. In this case, 
the submodule vector space V is simply V = C(ii). Let (-, -)i and (•, -) 2 
be two scalar product on V. It is always possible to construct a general 
bicomplex scalar product as follows: 

Let 

wi = (zu - Z\2h)ei + (z n + zi 2 h)e 2 

and 

w 2 = (Z21 - Z22ii)ei + (221 + z 2 2h)e 2 
where, Zn, z\ 2) z 2 i, Z22 € C(ii). We define 

(wi,w 2 ) := (zii-zizh, Z2i-Z22h)iei + (zu+zi 2 ii, Z2i+z 2 2hhe2- (6.1) 

However, this bicomplex scalar product is not closed under C(ii). In fact, 
(•,•) will be closed under C(ii) if and only if (v)i = (v)2- From the 
Theorem |UJ we obtain the following result. 

Theorem 10 Let T, the canonical T '-module over the ring of bicomplex 
numbers with a scalar product (•, •) on C(ii). Let also wi — (z\x — 
2i2ii)ei + (zn + zi2\\)e 2 and w 2 = (z 2 i - z 22 ii)ei + (z 2 i + z 22 i 1 )e 2 
where, z\\, z\ 2 , z 2 \, z 22 £ C(ii). If we define 

(wi,w 2 ) := (zu - zi 2 h, z 2 i - z 22 h)ex + (z n + zi 2 ii, z 2 i + z 2 2h)e 2 (6.2) 

then {T, (•, •)} is a bicomplex Hilbert space if and only if {C(ii), (•, •)} is 
an Hilbert space. 

As an example, let us consider {C(ii), (•, •)} with the canonical scalar 
product given by 

(zi,z 2 ) = (x 1 +y 1 i 1 ,x 2 + y 2 i 1 ) 
:= x x x 2 + y x y 2 . 

It is well known that {C(ii), (•, •)} is an Hilbert space. Hence, from the 
Theorem 1101 {T, (•,•)} is a bicomplex Hilbert space. Moreover, it is easy 
to see that 

II w 11= = Ms = Hi 
i.e. the Euclidean metric of R 4 . 
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2. Consider now M = T™, the n-dimensional module with the canonical T- 
basis {ei \ i £ {1, . . . ,n}}, the columns of the identity matrix I n . For any 

n n 

two elements X, Y G T" given by X = 2_, x i^i and Y = , we 

i=l i=l 

define the bicomplex scalar product as 

n 

(X,Y) := (A^) T • y = g T. (6.3) 

i=l 

It is now easy to verify that properties 1, 2 and 3 of Definition [21 are triv- 
ially satisfied. This bicomplex scalar product also implies that (X, X) = 

Yh=i x l 3 x i = Yh=i \ X i\] = e i Yh=i \ Xli ~ x 2ih\ 2 + e 2 Yh=i \ x u + x 2 l h\ 2 
where x t = x li +x 2l \2 = (xii-X2iii)ei + (xii+X2iii)e2 for i G {1, . . . ,n}. 
Hence, the property 4 of Definition [21 is also satisfied and 

n 

\\X\\=\(X,X)*\ = \C£\x i \?) i \. (6.4) 
i=i 

In this example, the complex vector space V — {X^i=i x ifii I x i ^ C(ii)} 
is simply the standard complex vector space isomorphic to C". Moreover, 
the closure property is satisfied since for X, Y G V we have Xi, G C(ii) 
and x\ 3 yi = XiUi G C(ii) such that equation (|6.3|) gives an element of 
C(ix). 

7 The Dirac notation over M 

In this section we introduce the Dirac notation usually used in quantum me- 
chanics. For this we have to define correctly kets and bras over a bicomplex 
Hilbert space which, we remind, is fundamentally a module. 

Let M be a T- module which is free with the following finit T-basis {|m;) | 
I G {1, . . • , n}}. Any clement of M will be called a ket module or, more simply, 
a ket. 

Let us rewrite the definition of the bicomplex scalar product in term of the 
ket notation. 

Definition 7 Let M be a T '-module which is free with the following finit T-basis 
{\mi) | I G {1, . . . , n}}. With each pair \<p) and \tp) in M , taken in this order, we 
associate a bicomplex number, which is their bicomplex scalar product {\4>), 
and which satisfies the following properties: 

1. (\<j>)M + M) = Q<l>)M) + (\<l>)M); 

2. (|0),a|^))=a(|0),|V)) J Va G T; 

3. (|0) > |^» = (|V),|0)) ts / 

4. (|0),|«£))=O O |0) =0. 

Let us now define the dual space M* . 
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Definition 8 A linear functional ^ is a linear operation which associates a 
bicomplex number with every ket \tp): 

1) W) — xM) G T; 

2) x(Ai|^i) + A 2 |^ 2 )) = Aix(IV'i)) + A aX (|V*», A x , A 2 e T. 

It can be shown that the set of linear functionals defined on the kets G M 
constitutes a T -module space, which is called the dual space of M and which will 
be symbolized by M* . 

Using this definition of M*, let us define the bra notation. 

Definition 9 Any element of the space M* is called a bra module or, more 
simply, a bra. It is symbolized by ( ■ | . 

For example, the bra (x\ designates the bicomplex linear functional x an d 
we shall henceforth use the notation (xl V 7 ) t° denote the number obtained by 
causing the linear functional ( X \ G M* to act on the ket \ip) G M: 

X (|V» := (xW- 

The existence of a bicomplex scalar product in M will now enable us to show 
that we can associate, with every ket \<f>) £ M, an element of M*, which will be 
denoted by (0|. 

The ket \(f>) does indeed enable us to define a linear functional: the one which 
associates (in a linear way), with each ket G M, a bicomplex numbers which 
is equal to the scalar product (\4>), \if))) of \tp) by \<fi). Let (4>\ be this linear 
functional; It is thus defined by the relation: 

<#/<> = (|4>>,h/<». (7.1) 
Therefore, the properties of the bicomplex scalar product can be rewrited as: 

1. (tKM + m) =(#i) + (# 2 ); 

2. (4>\a^) = a (4>\i)), Va G T; 

4. (0|0) =0 O \4>) = 0. 

Now, let define the corresponding projections for the Dirac notation as fol- 
lows. 

Definition 10 Let \ip),\(f>) G M and \x) G V. For k = l,2, we define: 

1. |</>e k > := P k (m G V; 

2. (0 ek | := P fc ((0|) : V — C(Ii), where \ X ) ^ P k ((^\x))- 

The first definition gives the projection \ip ek ) of the ket of M. This is well 
defined from equation (|3.2() . However, the second definition is more subtle. In 
the next two theorems, we show that (0 ek | is really the bra associated with the 
ket |0 e k ) in V. 
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Theorem 11 Let \<j>) E M, then 
for k = 1,2. 

Proof. Let Ai, A 2 € C(ii) and ^2) € V, then 

«|(Ai|Vi) + A 3 |^2)) - P fe (<0|(Ai|Vi)+A 2 |V> 2 ») 
= P fc (A 1 (0|^i) + A 2 (0|V'2)) 
= AiPfe^l^)) + A 2 P fe ((<^ 2 >) 
= A 1 (^ k |(|Vi)) + A 2 (^J(|^)) 

for ft = 1,2. □ 

We will now show that the functional (4> ek \ can be obtained from the ket \<fi ek )- 
Theorem 12 Let \<j>) £ M and \if>) g V, then 

(<t>e k \m) = <0e k |V) (7-2) 

/or ft = 1,2. 

Proof. Using (|4.4I) in Theorem 0] and the fact that Pfc(| -(/>)) = we obtain 

= p k {m,m) 
= (p k (\4,)),Pk(m) 

= fiW»,M) 

= (l^eJJV')) 

= (0e k |V> 

for ft = 1,2. □ 

Corollary 5 Lei |<0) € M then 

(^e k |VeJ = (0|V)e k (7.3) 

/or ft = 1,2. 
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Proof. From Theorem 1 1 21 and the properties of the projectors we obtain 

= Pjfe(ei(0|V>e x ) + e 2(0lV'ea)) 

= P k {(M)) 

= mu k 

for fc = 1,2. □ 

The bicomplex scalar product is antilinear. Indeed, by using the notation 
ijTJJ we obtain 

(Ai|0i) +A 2 |0 2 ), |V» = (W, Ai|0i) + A 2 |0 2 »t3 

= (Ai<V#i) + A 2 (V# 2 » t3 

= aI 3 (^|V) + a| 3 (^ 2 ^) 

where Ai, A 2 € T and |V>), |</>i), |</> 2 ) € M. Therefore the bra associated with the 
ket A x |0i) + A 2 |0 2 ) is given by Al 3 (0i| + A^ 3 <0 2 |: 

Ai|0i) + A 2 |0 2 ) X\»(<h.\ + X\ 3 {4>2\. 

In particular, Theorem ^ tell us that every ket £ M can be written in the 
form \tp) = ei|^ei) + e^\^ e2 ). Therefore, we have \ip) = ei|i/> ei ) + 621^62) < ~~ i 
(tp\ = ex^eil +62(^62! since (ek)^ = e k for k = 1,2. 

8 Bicomplex linear operators 

8.1 Basic results and definitions 

The bicomplex linear operators A : M — > M arc defined by 

iv/> = m, 

A{\i\ih) + A 2 |V>a» = AiA|Vi) + A 2 A|V> 2 ), 

where Ai , A 2 £ T. For a fixed \<j>) £ M, a fixed linear operator A and an arbitrary 
\ip) € JWj w e define the bra (</>|A by the relation 

«^4)M := (0|(A|^). 

The operator ^4 associates a new bra (</>|A for every bra (cf>\. It is easy to show 
that this correspondance is linear, i.e. (Ai(</>i| + A 2 (0 2 |)/1 = \i{<fii\A + A 2 (</> 2 |A 
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For a given linear operator A : M — > M, the bicomplex adjoint operator A* 
is the operator with the following correspondance 

W)=A\^)^{^'\ = ^\A*. (8.1) 

The bicomplex adjoint operator A* is linear: the proof is analogous to the 
standard case except that the standard complex conjugate is replaced by f 3 
everywhere. Note that since we have (ip'\(f>) = (0| - 0')^ 3 j we obtain 

&\A*\<t>) = (cf>\Am U , (8-2) 

by using expressions (|8.1|l . 

It is easy to show that for any bicomplex linear operator A : M —* M and 
A e T, we have the following standard properties: 



(A*)* = A, (8.3) 

(XA)* = X U A*, (8.4) 

(A + B)* = A* + B*, (8.5) 

(AB)* = B* A* . (8.6) 

These properties are prove similarly as the standard cases. 

Definition 11 Let M be a bicomplex Hilbert space and A : M — > M a bicomplex 
linear operator. We define the projection Pk{A) : M — > V of A, for k = 1, 2, as 
follows : 

P fc (A)|V) :=P fc (A|^», V|^) &M, 



The projection Pk{A) is clearly a bicomplex linear operator for k = 1, 2. More- 
over, we have the following specific results. 

Theorem 13 Let M be a bicomplex Hilbert space, A : M — > M a bicomplex 
linear operator and \ip) = ei\?p ei ) + e 2 |?/; e2 ) € M . Then 

(i) A\1>) = e 1 P 1 (A)\ip ei ) + e 2 P 2 ( J 4)|^ e2 ); 

(m) Pfe(A)* = Pfe(A*) where Pk(A)* is the standard complex adjoint operator 
over C(ii) associated with the bicomplex linear operator Pk{A) restricted 
to the submodule vector space V , defined in for k = 1,2. 

Proof. The part (i) is obtain as follows: 

A\il>) = A(ei|^e 1 )+e a |^e a )) 
= eiA|^ ei ) + e 2 A\ip e2 ) 
= e 1 (e 1 P 1 {A\i< ei ))+e 2 P 2 {A\yj ei ))^ 

+e 2 (e 1 P 1 (^|^ e2 )) + e 2 P 2 (A|^ e2 ))) 
= ei(eiPi(i4)|Vei) +e 2 P 2 (^)|V ei >) 

+e 2 (e 1 P 1 (^)|Ve 2 ) +e 2 P 2 (A)|Ve 2 >) 
= eiPi(A)^ ei )+e 2 P 2 (A)|^ e2 ). 
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To show (ii), we use (i) and Corollary to decompose the correspondance (|8.1|l 
into the equivalent following correspondance in V: 

IC) = Ph(A)\^) «~* «J - (^ ek \P k (A*) for k = 1,2. (8.7) 

Hence, P k (A)* = P k (A*).n 

8.2 Bicomplex eigenvectors and eigenvalues on M 

One can show now that the bicomplex eigenvector equation A\ip) = A|^/>), with 
A € T, is equivalent to the system of two eigenvector equations given by 

Pi(A)\i) ei ) = Ai|VO, 

P 2 (A)|Ve 2 > = A 2 |^e 2 ), 

where A = eiAi + e 2 A 2 , Ai, A 2 6 C(ii) and \ip) = ei\i() ei ) + e 2 |?/>e 2 ). Indeed, we 
have 

A\tp) = e> A|V') = (Aiei + Aaea)(ei|^oi)+ea|^e 9 )) 

eiPi(A)|^ ei ) +e 2 P 2 (A)|^ e2 ) = eiAil^) + e 2 A 2 |V>e 2 ) 
«■ Pfe(A)|^ ek ) = AfclVO, fc=l,2. (8.8) 
Suppose now that | ? £ {1, . . . , n}| is an orthonormal basis of V (which 

n 

is also a basis of M from Theorem 0) with |^e k ) = ~^^ c kj\vj), c k j G C(ii), 

3=1 

n n 

k = 1,2. Then from l|8.8[) we find CjyPfc(A)|u,-) = A fc Yj Ckj\vj) for fc = 1, 2. 

3=1 3=1 

Applying now the functional (vi\ on this expression, we obtain 

n n 
^2ckj{Vi\Pk(A)\Vj) = \ k J2 c kj(Vi\Vj) 
3=1 3=1 

= AfcCfci, 

where the last line is a consequence of the orthogonality (vi\vj) — Sij of the basis 
of V. Now, by definition, we have that Pk(A)\vj) E V for fc = 1,2. Moreover 
since \vi) is also an element of V then the closure of the scalar product of two 
elements of V, see equation (I4.2|) . implies that the matrix A k defined by 

{M)a ■= (vi\Pk(A)\ Vj ) 

is in C(ii) for fc = 1, 2. Therefore, we find that 

{{Akjij - X k Sij)c k] = 0, fc = 1, 2. 

3 = 1 
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Each equation, i.e. k = 1 and k = 2, is a homogeneous linear system with n 
equations and n unknowns which can be solved completely since all components 
are in C(ii). Therefore, the system posses a nontrivial solution if and only 
det(A k - X k I n ) = for k = 1, 2. 

In standard quantum mechanics self-adjoint operators (Hermitian operators) 
play a very important role. In analogy with the standard linear operator 

A is defined to be a bicomplex self-adjoint operator if and only if A = A*. 

Theorem 14 Let A : M — ► M be a bicomplex self-adjoint operator and \ip) € M 
be an eigenvector of the equation A\ip) — \\lp), with \ip) £ AfC. Then the 
eigenvalues of A are in the set of hyperbolic numbers. 

Proof. If A is a bicomplex self-adjoint operator A — A* on M and A\ip) = 
with AeT then 

(^\A\ib) = A(V#>, (8-9) 
where (ip\ip) S D + . Moreover, we have 

(^|A|V) ts = {^\A*m = {^\A\i>). 

This implies that (tp\A\ip) e D. Since (ip\ip) £ JVC ^ \ip) WC, we can divide 
each side of equation (|8.9() by Therefore, A can only be in D. □ 

Remark. The requirement that the eigenvector is not in the null-cone 
means that = ei|V>ei) + e 2 \ip e2 ) with \tp ei ) jt |0) and \ip e2 ) ^ |0). 
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